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Evaluation of Reynolds Stress Closure for Turbulent
Boundary Layer in Turbulent Freestream

J. C. Mackinnon,* M. Renksizbulut,” and A. B. Strongj"
University of Waterloo, Waterloo, Ontario N2L 3G, Canada

Calculations for the interaction of grid-generated freestream turbulence with a turbulent boundary layer using
the Gibson-Launder Reynolds stress model are presented. Based on detailed comparisons to experimental data,
it is found that the Gibson-Launder model in general gives good predictions of friction drag and momentum and
displacement thicknesses, but not of the boundary-layer thickness. Experimentally observed trends in turbulent
and mean profiles as a function of the freestream turbulence intensity and the ratio of the free-stream length scale to
the boundary-layer thickness are also generally well predicted. It is identified, however, that the Gibson-Launder
model does not properly account for the effect of the wall, resulting in the normal turbulent stress being attenuated
at too great a distance from the wall. It is also observed that, when the conventional gradient diffusion model is used
for third-order correlations, the calculations underpredict experimental results and the contribution of turbulent
diffusion. Implementation of improved formulations for both turbulent diffusion modeling and the wall-reflection
term in the pressure-strain model result in improved predictions of experimental data.

Nomenclature
Cy = friction drag coefficient
Cijr = convection of U, ity
D;ji = diffusion of u; 1 uy
f = length scale function in the wall-reflection term
I = freestream turbulence intensity
k = turbulent kinetic energy per unit mass
LY = longitudinal dissipation length scale
L, = freestream longitudinal integral length scale
M = mesh width of turbulence generating grid
P, = production of turbulent quantity z
P,p = mean and fluctuating pressure
Dr = length scale ratio, L /L,
Re, = Reynolds number based on momentum thickness
Uget = velocity defect, [Us, — U (y)]/U.
U, = friction velocity, (t,,/p)'/?
u,v = mean velocity in x and y directions, respectively
WU Uy = third-order correlation between fluctuating
components
uv __ = turbulent shear stress
u2,v2, w? =turbulentstressesin x, y, z directions, respectively
v’ = nondimensional stress, v2/v2
w = wall-reflection term
y* = nondimensional position, y /L, _
oy, ) = nondimensional freestream values of u2, v2,
respectively
B = freestream turbulence parameter, /. /(2 + L3° /5)
) = mean boundary-layerthickness at 0.995U,
8ij = Kronecker delta
&* = displacement thickness
€ = isotropic dissipation rate of k per unit mass
€ijk = dissipationrate of u;u; iy
0 = momentum thickness
K = von Kdrmdn constant
v = kinematic viscosity
IT;; = pressure-strain correlation
0 = density
Tw = wall shear stress
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Dijk = pressure interaction term in the u;u ;u; equation
Subscripts and Superscripts

calc = calculated

exp = experimental

n = direction normal to the wall

o0 = freestream value

+ = log-law coordinates

* = nondimensionalizedby freestream value

I. Introduction

HE interaction of an external turbulent flow with an underly-
ing boundary layer is a complex flow commonly encountered

in many engineering problems, ranging from simple heat exchang-
ers to complex turbomachinery. Experimental studies of such flows
have shown that the presence of freestream turbulence substantially
affects both the momentum and heat transfer in the boundary layer
formed on surfaces. Because the design of such equipment involves
computer codes with turbulence models for the associated fluid dy-
namics and heat transfer, there is a need for accurate calculations.

The physical phenomenain these problems are complex. For ex-
ample, for the highly turbulent gas flow over turbine blades, they
include boundary-layertransition, pressure gradient and streamline
curvaturedue to the blade geometry, and freestream turbulence. The
interactionof a turbulentfreestream with a turbulentboundary layer
formed on a flat plate is a relatively simpler flow that retains im-
portant features of more complicated flows and, as such, allows for
a methodology to be established by which turbulence model com-
ponents may be evaluated and developed in reasonable isolation.
Calculations for this flow are the focus of the present work.

Experimental investigationsprimarily address the interaction be-
tween decaying grid-generated turbulence and the boundary layer
formed on a solid flat plate. For negligible or zero pressure gradient
flows, with Reynoldsnumber based on momentum thickness greater
than approximately 2000, the effect of the freestream on boundary-
layer structure is determined by the turbulence intensity I, and the
ratio of a typical freestream length scale L:° to the boundary-layer
thickness § (Refs. 1-3):
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Through detailed measurements taken over a range of L°/§
(0.7-5) and 1, (0-6%), Hancock® (also reported in Refs. 4 and 5)
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assessed the independenteffects of these parameters on boundary-
layer characteristics. Subsequent experiments by Baskaran et al.®
and Hoffmann and Mohammadi’ have further increased the data-
base.

In general, freestream turbulence thickens the boundary layer and
increases its growth rate relative to that with a laminar freestream.
An increase in I, increases this interaction and, hence, C,. The
importance of L° may partially be explained by considering the
impermeability of a solid boundary. Hancock’s experimentsindicate
that the maximum effect of the freestream on the boundary layer is
foundwhen L° /5 ~ 1. As the length scale ratio increases, the effect
of the freestreamis reduced due to an attenuationin the fluctuations
normal to the wall at the edge of the boundary layer.

A number of numerical studies have also been performed.
McDonald and Kreskovsky® and Blair and Edwards® solved the mo-
mentum boundary-layerequations by employing an eddy viscosity
formulation in conjunction with an integral form of the k equation.
The limited data used in comparisons did not allow the separate
effect of changes in LS° /6 and I, on the boundary-layer structure
to be considered. At the 1980-1981 Stanford Conference, attempts
were made to predictan empirical relationship for the change in the
friction coefficient AC; relative to that with a laminar freestream
C as a function of the parameter 8 = I../(2 + L /) (Ref. 10).
Numerical solutionsusing an integral model, a k—¢ formulation,and
an algebraic stress model (ASM) were submitted. With the excep-
tion of the integral model, all calculations underpredicted the cor-
relation. None of the models could properly account for the effects
of the freestream length scale. The same general conclusions were
also reached by Savill'' using an ASM. More recently, Shima,'?
using a low Reynolds number second-moment closure based on
the widely used high Reynolds number formulation of Gibson and
Launder,"? presented good predictionsof the AC, /Cy relationship.
The improved predictionsrelative to those obtained in other studies
were attributed to the modified formulation of the dissipation rate
equation.

Using both a k-¢ model and the Gibson-Launder'® Reynolds
stress model, as well as Hancock’s® data for comparison, Rodi and
Scheurer'* have performed the most complete numerical study of
this problem. They concluded from predictions of the AC;/Cy
relationship that the effect of length scale ratio was opposite to that
observed in the experiments. The wall shear stress was generally
well predictedby bothmodels, butatlarge L° /8, the velocity profile
was predictedto be too full. The k profile was underpredictedby both
models, which was attributed to the underpredictionof the diffusion
contribution to the kinetic energy balance, particularly in the outer
portion of the boundary layer. Overall, the Reynolds stress closure
gave better agreement with the data. Rodi and Scheurer concluded
that the gradientdiffusionassumptionusedin the turbulentdiffusion
models may not be valid for freestream turbulence and that the
difficulty of capturing the length scale effects in the Reynolds stress
model was partially due to the modeling of the attenuationof v2 by
the wall.

Previous numerical studies have not provided a complete as-
sessment of any turbulence model’s ability to capture the effect
of freestream turbulence on boundary-layer structure; the separate
effectsof L° /8 and I, have notbeenisolated. In addition, an evalu-
ation of predictionsof the layer thicknesses (8, §*, 6), turbulentnor-
mal stresses, and third-order correlations has not been carried out.
In this paper, a methodology is presented to performa thorough val-
idation of turbulence models for this flow, both in the experimental
conditions to examine and the requirements to be met by any model.
Calculations are performed with the widely used Gibson-Launder
high Reynolds number formulation. Weaknesses in the model (tur-
bulent diffusion and wall reflection) previously identified in the lit-
erature are confirmed here, and new formulations for these models
are presented and shown to give improved predictions.

II. Selection of Experimental Data for Validation
The experimental study used in assessing model predictions
should ideally 1) have measurements of local, mean, and turbu-
lent quantities in both the boundary layer and the free-stream;2) be
conductedover a wide range of conditions with the effects of /., and

L /6 isolated; 3) have no other complicating phenomena present,
e.g.,low Reynolds number; 4) have measurements reported at many
stations along the length of the plate; and 5) report uncertainty of all
variables. An assessment of the suitability of availabledata is given
inMackinnon!® and Hancock®; most are not appropriate for compar-
ative purposes due to deficiencies in meeting the listed criteria. The
most detailed studies are discussed here. Experiments of Charnay
et al.'® did not clearly distinguish the effects of I, and L>°/§, and
measurements were taken at only one station. In the study of Blair
and Edwards,’ only a limited range of experimental conditions was
investigated, with no information available to establish the separate
effect of L°/§ on boundary-layer characteristics. For the present
investigation, Hancock’s® measurements are used because his work
comes closest to meeting all of the listed criteria. Confidence in
Hancock’s results is established by agreement with those of other
researchers (data obtained prior to 1980, and in more recent studies
indicated in the Introduction).

Hancock® conducted 13 experiments, four with a laminar free-
stream (LFS), denoted LFS1-LFS4 here, and nine with a turbulent
freestream (TFS), denoted TES1-TFS9. Local parametersand mean
velocity profiles at multiple x locations are available in runs LFS3,
LES4, TFS1, TFS2, TFS3, TES8, and TFS9; turbulent profiles were
measured at multiple x locations only for runs LES4, TES2, and
TES9. In the presentation of results here, a station number may be
appended as necessary, such as TFS9s12, where the x locationof a
given station in meters is related to its number N by the relationship
x = 0.152N . Freestream turbulence was generated by placing grids
upstream of the leading edge of the plate. Roughness at the start of
the plate was used to trip the boundary layer. Heating wires were
also used in some experiments, allowing for conditional sampling
through slight heating of the boundary-layer fluid. The measure-
ments were performed using hot-wire anemometry.

Hancock® did not report experimental uncertainty for all quan-
tities. Bradshaw!® reported the uncertainties in C ' and U(y)/Us
for the experiments as 2% and less than 1%, respectively. Typical
reported errors for local quantities,! -2 17 for use only as a guideline,
are2% for Cy, 5% for §,4% for §*,and 1.5% for 6. For time-averaged
turbulence quantities, Johnston and Flack'® report that uncertainties
in the normal and shear stresses of 5 and 10%, respectively, are at-
tainable using a hot-wire X-probe. For third-ordercorrelations, they
are likely not much different than for double correlations.!

III. Mathematical Model and Numerical Solution

Steady, two-dimensional, high Reynolds number, incompress-
ible, and constant property flows over a flat plate are considered
here. For the boundary layer, the thin shear layer forms of the gov-
erning equations (demonstrated by Hancock® to be appropriate in
the presence of freestream turbulence) are used. The continuity and
X-momentum equations are
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The pressure gradientterm is included here to account for the slight
freestream acceleration observed in the experiments.
The conservationequationfor a Reynoldsstressu;u ; has the form
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representing convection, diffusion, production, dissipation, and
pressure strain, respectively.

The basis of the present work is the widely used Gibson-
Launder’? high Reynolds number closure model (GLM). The GLM
continues to be a basis for much high Reynolds number and near-
wall modeling.!?'! Further, near-wall models are being developed



938 MACKINNON, RENKSIZBULUT, AND STRONG

that use the GLM as the high Reynolds number asymptote.” As
such, it was appropriate to subject this model to rigorous testing
against experimental data and to use it as a basis for further devel-
opment.

Dissipationis distributed equally among the normal stresses, and
the diffusion term is modeled through the gradient diffusion formu-
lation of Daly and Harlow?’:

ou;u; a k ou;u;
—M=_<Cs_ukul uul) )

0xy 0xy

The pressure-straincorrelation IT;; is expressed as
H[j = H[j.l + H[j.z + H[j.3 (6)

Models of IT;; ; and IT;; , are based on isotropizationof stresses and
mean production

I, = —Cl(é/k)(r”j_ Zkfsfj)’

3 j> = —co(Py — $Pidij)

(M

Because IT;; 3 is a surface integral that accounts for the effect of
a solid boundary in modifying the fluctuating pressure field, it is
referred to as the wall-reflection term,

I3 = fc (5/k)(ﬁn6[j - %m&q - %Tujsm‘)

+ fcé (nnn.ZB[j - %Hn[.Zan - %Hnj.ZBn[) (8)

The effect of the turbulent length scale [, typically taken as being
proportional to k'3 /¢, is accounted for through the linear length
scale function f'(//x,). If [ increases at a given y location, the mag-
nitude of the wall-reflection term should also increase.

To close the equation set, € is evaluated using?!

6_2__ e_P_e_ 9
Cveay +C1kk Ca 9

aUe 9Ve 9
—_ —
ax ay ay

k 86) € €?

The wall function treatment employed in solving the governing
equations in the near-wall log-law region is described by Rodi and
Scheurer,"* and the details of its application in the present work
are given in Ref. 15. Bradshaw'?:?? indicates that the log-law re-
gion would be recognizableeven with high turbulence levels in the
outer layer; its breakdown is unexpected if the freestream turbu-
lence intensity is less than the level of turbulence generated at the
wall. Hancock® also provided experimental justification of log-law
behavior. In the present work, the first nodal point near the wall
was located between y* of 50 and 100, with a sensitivity study per-
formed to show no impact of its exact placement. It was ensured
that the placement of the top of the computational domain in the
freestream, i.e., significantly outside the boundary layer, did not af-
fectthe results, and zero-gradientboundary conditions were applied
there with the exception that wv was set equal to zero. The empirical
constantsin the closure are the standard values taken from the litera-
ture: ¢, =1.45,¢.,=1.90,¢,=1.8,¢,=0.6, ¢, =0.22, c. =0.18,
¢;=0.5,¢,=0.3,and ¢, =3.18, as well as k =0.41 and C =5.2
for the log-law velocity profile.

The governing parabolic equations were solved using a marching
finite volume method in which they were discretized by integra-
tion over a control volume.?* This process resulted in a coupled
set of algebraic equations, which were then solved iteratively. In
numerical simulations of Hancock’s experiments, grid independent
results were obtained using a fixed Cartesian grid with expansion
in the x direction equal to twice the local momentum thickness and
typically 60 geometricallyexpandingcontrol volumesin the y direc-
tion. As detailedin Ref. 15, the code was validated by comparisonto
the analytical solution for grid turbulence, to experimental data for
boundary layer flows with negligible free-stream turbulence **%’
and by the good agreement obtained with Rodi and Scheurer’s'*
GLM predictions of mean and turbulent quantities for this flow.

IV. Comparison to Experimental Data

In numerical simulations for this flow, the influence of inlet pro-
file specifications on downstream calculations must be considered.
Shima!? reported such a persistence for a long distance downstream.
This aspectis addressedhere becausein Hancock’s TFS experiments
with turbulent profiles measured across the boundary layer (TFS2
and TFS9), the first and last measurement stations were separated
by only 25 average boundary-layer thicknesses. For these two ex-
periments, the calculations were started at an x location upstream
of the first measurement station to provide a longer development
length. Freestream turbulence characteristics were obtained from
the analytical solution for grid turbulence, and the boundary-layer
thickness was specified from an analysis of Hancock’s experimen-
tal data. Details of the methodology and the results of an extensive
study of the sensitivity of calculations to the specified inlet condi-
tions for all experiments simulated are given in Ref. 15. The results
are considered to be independentof upstream conditions for station
14 in run LFS4, station 8 and beyond for run TFS2, and station 10
and beyond for run TFS9. For the other four runs, results at station 8
should perhapsbe viewed with some caution, but at greater x values,
the effects of upstream history become minimal.

A. Local Parameters

A summary of the calculated and experimental local parameters
is givenin Table 1. For an LFS, the predictions are typically within
4% of experimental values. For an LFS, the calculated C; values
agree well with experimental data and are within 1% of those re-
portedby Rodi and Scheurer'* for runs TFS1 and TFSS. The integral
parameters are also generally well predicted. With the exception of
run TFS2, however, § is overpredicted. The greatestdepartureof the
calculations from the data is found for runs TFS3 and TFSS8, where
the boundary layer is initially subjected to large length scale ratios.
Whereas a typical experimental error in determining § is 5% for an
LES, itis likely larger for a TES due to the small mean velocity gra-
dient in the outer portion of the boundary layer. Hence, § is a weak
parameter, which is not suitable for use in evaluating turbulence
models. Any significant discrepanciesnoted between measured and
calculated L:° /5 values (TFS3 and TFS8) are due to poor estimates
of § because the calculated L;° and I, values are within 5% of the
experimental data for all cases.

B. Mean Velocity Profiles

The calculated velocity defect profiles for a laminar freestream
are generally well predicted. Excellent agreement with the velocity
defectpredictionsof Rodi and Scheurer'* was also obtained for both
an LFS and a TFS. Also consistent with Rodi and Scheurer, log-law
behavior in the near-wall region was predicted for all experimental
conditions.

For a TFS, four cases were chosen to compare the effect of
1) changing I, from approximately 2.5% to 4% at two nearly
equal length scale ratios and 2) changing the length scale ratio
from approximately 0.7 to 2.4 at two nearly equal intensities:
TFS3s8 (L /8 =2.31 and I, =2.24%); TFS2s16 (L>° /8 =0.67
and I, =2.55%); TFS8s12 (L /8 =2.53 and I, =3.87%); and
TFS2s8 (L°/8§=0.71 and I, =3.99%). The velocity defect Ugs
profiles at stations TFS2s8 and TFS8s12 (I, ~ 4%) are shown in
Fig. 1a with y nondimensionalized by the calculated §. For refer-
ence, the experimental LFS profile is also shown. The experimental

Table1l Summary of differences between the numerical results and
the experimental data of Hancock?

Average % difference from data® Range
Case 0,6* 8 Cy L /s Ino, %
LFS3 3 8 3 — —
LFS4 —4 4 4 — I
TFS1 3 16 -2 1.16-0.90  5.97-2.55
TFS2 -7 —10 -3 0.77-0.67  4.82-2.55
TFS3 4 25 2 351-148 2.62-1.81
TFS8 7 28 -2 4.94-2.15 5.14-3.45
TFS9 -9 4 0 2.72-1.55 4.68-3.45

4Percent difference is equal to the calculated value minus the experimental value divided
by the experimental value, averaged over stations not dependent on inlet specification.
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b) using dexp (Ref. 3).
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Fig.2 Comparison of calculated normal stresses to data of Hancock?
for an LFS.

data show a shift away from the LFS profile as L° /6 is decreased
from 2.53 to 0.71. The calculated slight sensitivity to the length
scaleratiois less than observedexperimentally. This is due to nondi-
mensionalizing y by the calculated § because errors in predicting
6 force the evaluation of the model to be strongly dependent on a
weak parameter.®-?-2 For these conditions, § was underpredicted
in run TFS2 by 10% and overpredicted in run TFS8 by 28%. Fig-
ure 1b clearly shows good agreementbetween the GLM and the data
when the experimental value of § is used in the normalization, with
the models correctly capturing the experimentally observed length
scale effect. The same findings hold for the velocity defect profiles
at I, ~ 2.5%. Althoughnot shown, the GLM also correctly predicts
the effect of changing /... Therefore, the effect of freestream tur-
bulence on the mean velocity profile is well predicted. In light of
these findings, the y coordinate will be nondimensionalized by the
experimental § in all subsequent comparisons to experimental data
involving a TFS.

C. Turbulence Quantities
Calculations of normal stresses for an LFS are shown in Fig. 2.
The u? and v? stresses are well predicted, although the w? stress is
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Fig. 3 Effect of length scale ratio on a) u2 at I » = 2.5% [TFS2s16
(L,°16=0.67), TFS3s12 (calculation only, L /6 =1.75), and TFS4
(experimental data only, L°/6=1.88)], b) u® at I = 4% [TFS2s8
(L;°/6 = 0.71) and TFS9s12 (L°/6=1.7)], and ¢) v? at I = 4%
[TFS2s8 (L,°/d =0.71) and TFS9s12 (L,*/6 =1.7)] (Ref. 3).

overpredictedin the inner region. Hancock’s w? profile is similar to
that measured by Blair and Edwards® for an LFS, but below the data
of Klebanoff? in the inner portion of the boundary layer. The effect
of freestream turbulence on the turbulence stresses is assessed by
comparing the effect of changing the length scale ratio at two /I,
values. The decrease in the experimental u? profile with a reduction
in L /8 (shownin Fig. 3afor I, & 2.5%) is due to increased mixing
in the boundary layer and the reduced effect of the wall on the
external turbulence. The GLM reproduces this behavior. Although
not shown, similar changes in &, v2, and wv with L°/§ were also
observed in the experiments and numerical predictions at this /.
Calculations of u? and v? for a TFS (I, &~ 4%) are compared to
data with L°/6 =1.70 and 0.71 in Figs. 3b and 3c, respectively.
Whereas the GLM predicts the same approximate degree of de-
crease of u? with a reduced length scale ratio as indicated by the
data, the results are approximately 15-20% below the respective
measurements. Both the calculated and experimental behavior of k
at I, of 4% are very similar to that seen for u? in Fig. 3b. The experi-
mental v? profiles for L° /8§ = 1.70 are reduced from the freestream
value in the outer portion of the boundary layer, whereas measure-
ments for L2°/§ =0.71 are relatively constant throughout the outer
portion of the boundary layer. In contrast, the calculations show an
attenuation in the v? levels for both cases that starts at too great
a y value for the higher length scale ratio case. The calculated v?
values are below the data throughout the boundary layer at both
length scale ratios. The underpredictionof v? and its attenuation at
a much greater y distance than observed experimentally suggests a
deficiency in the wall-reflection model in the pressure-strain term.
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Fig. 4 Comparison of calculated third-order correlations to data of
Hancock.?

Last, although not shown, the slight length scale ratio dependence
of the uv experimental profiles is reproduced by the GLM.

Third-order correlations for an LFS are shown in Fig. 4a. The
trends of uv? and v3 are captured, but the levels are significantly un-
derpredicted. Predictions of u2v agree well with the data. Although
not shown, the kv profile is very well predicted. Calculations (rep-
resentative of the quality of predictions for a TFS) of u2v, v3, and
uv? for I, ~ 4% and L /5§ = 1.7 (TFS9s14) are shown in Fig. 4b
With freestream turbulence, the peak of the experimental profiles
is closer to the wall than for an LFS. Although the GLM correctly
predicts this shift, the data are significantly underpredicted (outside
the experimental uncertainty) throughout the boundary layer. The
kv data are also poorly predicted. The reduced turbulent transport
of k and u? in the outer portion of the boundary layer is consistent
with the underpredictionof their levels at high ..

Calculations of the turbulent kinetic energy balance for both an
LFS and TFS9s14 are shownin Fig. 5. The experimentalobservation
that the production of k is in balance with the rate of dissipation
outside the sublayer region is reproduced in Fig. 5a. Compared to
the LFS case, the production contribution for TFS9s14 (Fig. 5b)
is significantly reduced due to the smaller velocity gradient. The
calculated diffusive contribution is seen to peak too close to the
wall. In the outer region of the boundary layer, where the diffusion
contribution is significant, the calculated diffusion levels are too
low, due to the small gradients of the triple products observed in
Fig. 4b. As will be shown in Sec. VI, improved predictions of the
third-order correlations lead to increases in diffusion and u#? and k
levels. As pointed out by Rodi and Scheurer,' the gradientdiffusion
modelsare notexpectedto be able to simulate the enhancedturbulent
transportin the outer portion of the boundary layer with a TES.

V. New Model Development
It is clear from the GLM results that improvements are needed in
modeling turbulent diffusion and the effect of the wall on normal
fluctuations beyond the log-law region. New formulations for these
models are presented here.
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Fig.5 Comparison of calculated terms in the k transport equation to
data of Hancock? (all terms multiplied by 10%6/53)).

A. Effect of the Wall
1. Physics of the Problem

An impermeable solid boundary affects the turbulence structure
in a number of ways. Because of the no-slip condition, large mean
velocity gradients exist, which are dominant factors in the produc-
tion of turbulencein the boundary layer; viscosity forces all velocity
componentsto zero close to the wall. The wall also causes the normal
velocitiesto be suppressed,over a distance not necessarilyrestricted
to the near-wall region, where the mean velocity gradients are large.
Durbin?’+?® classifies the two roles of the wall as blocking of the
normal velocity (an inviscid effect in which the velocity is brought
to zero at the wall) and pressure reflection from the surface (mod-
ification of pressure fluctuations). Both these aspects are nonlocal
effects, i.e., they are due to the action of the wall at a distance.

Thomas and Hancock?® performed experiments to remove the
influence of mean shear by passing a uniform, grid-generated tur-
bulent flow with velocity U, over a wall also moving at U,,. The
v? suppression, therefore, could be directly attributed to the block-
ing effectalready discussed. The experiments were performedusing
two grids with measurements taken at three streamwise locations,
where I, was 4.25, 5.25, and 7.75%. The nondimensional v? pro-
files (V2" = v2/v2) vs y*=y/L,, are seen in Fig. 6 to have ge-
ometrically similar behavior and follow the empirical correlation
v_z* = 1—exp(—2.97y"). Althoughnot shown, the nondimensional
u? values increase as the wall is approached, whereas w? remains
relatively constant; similarity was seen only for v2.

A similar plot of Hancock’s data (with a stationary wall) is shown
in Fig. 7. Similarity is observed for data outside the boundary-
layer edge (indicated by filled symbols). Both the wall-blocking
and pressure-reflection effects of the wall are present in this flow.
The increase in v2* as y* — 0 is due to shear-produced turbulence
in the boundary layer. The data of Blair and Edwards® (I, ~ 3%)
display similar behavior.

2. SimilarityEquati(mforﬁ
It has been demonstrated that regardless of the near-wall struc-
ture, the wall attenuates the v> component in an apparent universal
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Fig.7 Variation of v2* data for the boundary-layer flows of Hancock?
and Blair and Edwards.’

manner. Therefore, any model should be able to be cast in a self-
similar form and accurately predict the data. Durbin®’ pointsout that
in a single-point closure, both the wall effects (blocking and pres-
sure reflection) should be represented. A similarity equation for v?
will now be derived for the shear-free flow to understand the failure
of GLM to predict the v? profile (refer to Fig. 3c). The methodol-
ogy followed in this derivation may be used as a basis to assess any
turbulence closure’s ability to model the effect of the wall.

A simplified form of the v? equation for the shear-free flow is
obtained by considering a uniform velocity field (U, V, W) =
(Us, 0,0). It is also assumed that k and € are independent of y,
which is reasonable except possibly in the near-wall region. Hunt*
reports that € is approximately constant with y. Measurements of k
for two of Thomas and Hancock’s® three cases show that they are
within approximately 3% of k., for y* greater than 0.2, whereas for
the third case k is within approximately 6% of k., for y* greater
than 0.5. With these assumptions, the v? equation approximates to

U —002" 17 = e - D tea? K\’
— —(c; — Dv? ==(c; — c,ar| —
* 9x 3! 3! T2\ e
1 9 [(—or\ W
« ) v _ (10)
L2, 9y* ay* €

where a; = vZ /k and the W term accounts for the wall effect on
the attenuation of v2. A relationship between L,, and k%% /¢ is de-

rived by applying the modeled form of the u? conservationequation
in the freestream and the definition of L° [Eq. (1)]:

k* 2/3 + -2/3
I mLuea m = ( / 61(30/{21 / )>pr (11)
o

€
where p, = L°/L,, and o) = E/k, For 0.65<a; <1.0,m =
1.225p, (to within 4%). Therefore, with k%2 /e = 1.225p, L,,, and
imposing similarity, i.e., gradients of v2" with respectto x are zero,
the governing equation for v?" becomes

, 9 (—z*aﬁ*> 2 =2 -1+ 1o
c v — = —Dv? =—=(c; — —
9y ay* 3! 3! €
where ¢, =1.5¢,a3p?. The v profile may, therefore, be deter-
mined for a given form of W. If diffusion is neglected, then the
solution to Eq. (12) is

— 3 W

w=1--—
2 (c; — e

The Gibson and Launder'® form of W is ZCiFf(e/k), where
f =k¥?/c,ey. Substituting for W into Eq. (13) with ¢| =0.5 gives

13)

" 1 3a,m
V= — Ag, = ———
1+ (AgL)/y* 2¢y(c; — 1)

An analysis of Thomas and Hancock’s® data gives p, = 0.573,
anaverageo, = 0.62,and, hence, Ag, in Eq. (14) equals0.257. The
values of v2" obtained from the full numerical solution of Eq. (12)
and from the approximate solution given by Eq. (14) are compared
to experimental data in Fig. 6. Because the retention of the diffu-
sion term does not significantly alter the calculated v2” values, the
approximate solution given by Eq. (14) is justified. In addition, it
is apparent that the attenuation of v by the wall as modeled by
Gibson and Launder'® is overestimated. This deficiency is because
only near-wall modifications of turbulent stresses in regions of high
mean shear were considered when the model was developed; the
observed influence of the wall on the region of small or no mean
velocity gradient is not accounted for.

(14)

3. Alternative Wall-Reflection Formulation

Model formulations would ideally not require a wall-reflection
term. Significant effort is reported in the modeling community to
minimize or remove the contribution of the wall-reflection term.
One example of such work is that of Durbin,?’-?® in which the non-
local effect of the wall in modifying the v fluctuations is treated
by introducing elliptic relaxation of the pressure-velocity and dis-
sipation terms. It should be noted, however, that Durbin’s modeling
was tailored to the problem of near-wall flows (within the log-law
region). The usefulness of his model for the present problem is not
clear. The current work is concerned with calculations outside the
log-law region; the elliptic relaxationis not appreciable far from the
wall, where Durbin’s models reduce to a standard quasihomoge-
neous form. Because the wall-reflection formulation is still a basis
for many low and high Reynolds number closures, and alternative
formulations have been developed for specific applications, e.g.,
Craft and Launder,’! modifications to it will be pursued here.

The new wall-reflection formulation considers behavior in both
the similarity, i.e., outside the boundary layer, and the log-law re-
gions; the GLM considered near-wall behavior only. The general
form of the GLM is maintained [refer to Eq. (8)], but a new length
scale function f* is introduced. The wall-reflection term for the v?
equation for the shear-free flow is

W =2cv2f*e [k 15)
Substitution of Eq. (15) into Eq. (13) yields
fr=c P (1 =)o (16)

where P* = (¢; — 1)/(3cjaz). C* is determined by specifying the
valueof f*atthe firstnodal pointin the log-law regionto equalunity.
The empirical relationship v2" =1 — e, shown earlier to give a
good approximation to the experimental data, is used to derive the
functionalformof f*. Interms of calculated variablesfor Hancock’s



942

flow (o = 0.65 and p, = 1.59), y* = 1.96y/(k*?/e) = 0.252/k.
Thus, the final form of f* is
) amn

Note that v? itself does not appear in the formulation of f*. It will
be shown in Sec. VI that excellent predictions of v? are obtained
when Eq. (17) is used in calculations.

y
k13 /e

(1 _ eO.ﬁlSh)eh)r*

* __
= e0-015h (] — ehy*)’

Y= 1.96(

B. Turbulent Diffusion
1. Assessment of Existing Models

Because of poor predictions of the third-order correlations and
the increasedrole of turbulentdiffusion with freestream turbulence,
an investigation of models for u;u;u; was performed. A review of
the literature identified three general categories of models: model-
ing via theu;u ;1 conservationequation, gradientdiffusionmodels,
and structural models based on coherent motions. Based on analy-
sis and preliminary testing (see Ref. 15 for details), the latter two
approaches were not considered further (with the exception of the
gradient diffusion model of Daly and Harlow?’). For example, the
coherent structure model of Nagano and Tagawa*? gave poor pre-
dictions of u2v with freestream turbulence.

The following u;u;u; conservation equation formulations were
considered: Hanjalic and Launder,® Andre et al.,** Dekeyser and
Launder,”® Amano and Chai,*® and Amano et al.3” These models
were developed considering different flows and differ by the as-
sumptions made in modeling the terms and in the values of the con-
stants. A discussion of the exact and modeled forms of the u;u 1,
equations will be presented in the next section in the derivation of a
new formulation.

The following findings were obtained from simulations of Han-
cock’s LFS case LFS4s14 and free-stream turbulence cases, em-
ployingthe various diffusionmodelsin the solution of the governing
equations. (Note that the convectiveterms in Amano’s models were
notincludedin the present work to render all expressionsalgebraic.)

1) Some models (Dekeyserand Launder’® and Amano and Chai*®)
gave poor predictions for an LFS.

2) Calculationsof kv and u2v obtained with the Daly and Harlow?
model are quantitatively similar to those obtained with the best of
the transportequation-basedmodels, Andre et al.** The latter model
gives overall better predictions of v3 and uv?.

3) The Daly and Harlow®® and Andre et al.** models respond
correctly to experimentally observed changes in the length scale
ratio but not to changes in intensity.

4) As the freestream becomes increasingly turbulent, none of the
models considered gave good predictions of the triple products.

2. Development of Improved Turbulent Diffusion Models

Because of the demonstrated deficiencies in the existing diffu-
sion models, two new diffusion models were formulated to seek
improved predictions. In the first formulation, a modification to the
conventional gradient diffusion formulation is proposed by directly
accounting for the increased transport with increasing freestream
turbulence intensity. The diffusion constant ¢, in Eq. (5) is multi-
plied by the empirical function g = 1+ cI%, where the constants ¢
and d are chosen based on comparisons with data.

The second model proposedis based on the formulation of Andre
etal.** (unlessotherwisenoted), the transportequation-basedmodel
that gave the best predictions of Hancock’s data. The exact form of
the u;u;1t; equationis
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where the terms are convection, diffusion, production by turbulent
quantities only, production by mean velocity gradients, pressure
interactions, and dissipation, respectively.

Convectionis neglected and the dissipationterm is omitted on the
basis that, at high Re,, viscous terms are negligible or local isotropy
renders the terms equal to zero. No modeling is required for the pro-
duction terms. Diffusion by pressure fluctuations is not considered
separately and molecular diffusion is negligible. The fourth-order
productit;u;ucu; is simplified by applying the quasinormal approx-
imation

WU URU) = UiUj Uy~ UL WU+ WU U U (19)
The diffusion term may then be combined with P;j ; to give D P,
DPijk = Dijk + Pijk.l =

+ ou; Uy, n oujuy
;U u;u
NPT o,

ou;u;
=\ Uity P)
X

Analogous to the derivation and modeling of the pressure-strain
termin the u;u; equation, the pressure-interactionterm is expressed
in terms of contributions from both volume and surface integrals

(20)

Gijk = Pijk1 + Pijk2 T Gijkow @2n

corresponding to interactions between fluctuating quantities only,
interactions with mean velocity gradients, and the influence of a
solid boundary, respectively. The concept of return to isotropy is
applied to ¢;;x,1 by relating the correlation to the triple product
itself and introducing the turbulent timescale 7, (typically taken as
k/e):

Uil juy

¢ijk.1 = - (22)

Co1 T,

The following two aspects differ from the treatment of Andre
et al.** First, ¢y is retained following Dekeyser and Launder’s
reasoning that if P;j , is significant, then so should ¢;;, » be signif-
icant. The term is modeled by relating it to P;j; »

(23)

¢ijk.2 = _C¢2Pijk.2

Second, it is proposed here to relate ¢ ,, to u;u; 1, and the length
scale function f*. Therefore, the expression for ¢; i is

o)

This ¢;jx,.» model may also be interpreted as introducinga modified
timescale Ty = k/[(1+ f*)e€], an alternateapproachused by Amano
and Chai*® and Amano et al.*’ to represent wall effects. Thus, the
u;u;u; model becomes

1+ f*

Ch1

U U Uy

k/e

(24)

- C¢2Pijk.2

UjU U =

[cs18/(L+ )] (k/OIDPjy + (1 — cpo) P2l (25)

The empirical function g = 1 + ¢I< is introduced to effectively
modify ¢y, where the constants ¢ and d are chosen based on ex-
perimental data. Note that for thin shear layer flows, such as that
considered here, many of the terms associated with mean shear (in
P;j. ) are small.

In summary, the formulation in Eq. (25) is based on applying
modeling assumptions to the exact conservation equation for the
third-ordercorrelation. The modeling of the terms is consistentwith

Dujuuy a puuy pu;ly Pu;u; a ouiu; ou;u; ou;u;
D—l‘j = —8—)Cl<uiujuku, + ,(; 8 + (Sﬂ + I(SM - va—)Clu,‘ujuk + uju; ax[ Ul 3;1 +ujuk ax[
Cijk Dijji Pijk1
90 U, U, duju;  dugu;  du; duu; du;  dujuy du;  Ouu; 0
- uiuju,—k + T —= +ujuu— | + Z(24 i + STk 2v L ik} b Rk} Y S
0x; 0x; 0x; o\ 0x; 0x; 0x; 0x; 0x; 0x; 0x; 0x; 0x;
Pijk 2 bijk €ijk

(18)
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Table 2 Differences between the GSM, TSM, and GLM

Quantity GLM GSM TSM
k au,‘uj k au,‘uj Cp18 k[DP +(1 )P ]
ujuju —Cy— Ui —Cy—gUil —— ] —C ij
jUk S 131 o, Yegk i 9%, T+ fre Jjk $2) Lijk,2
g=1 +C(Ioo)d g=1+ C(Ioo)d
kLS e‘h'\'* ehy*
Length scale = * =122 ——— * =122 ———
2 Y Cwey Y 1 —eby Y 1 —eby
. Y Y
Function [Eq. (8 * = |1.96—— * =1 1.96———
[Eq. (3)] ¥ ( k1-5/e> Y ( k1-5/e>
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Col —_— 0.11
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Fig. 8 Predictions of uy using the GLM, GSM, and TSM for TFS
cases TFS2s16, TFS2s8, and TFS9s12 (Ref. 3).

the approach taken by many other workers who have applied their
models to a wide range of flows. The model proposed in the present
work has only been tested for boundarylayer flows with both an LFS
and a TFS. Further testing is required before the proposed model is
applied outside its validated range.

VI. Evaluation of the New Formulations

Calculations with two new Reynolds stress model formulations
are compared to those obtained with the GLM 1in this section. Both
new formulationsuse the new wall-reflection treatment presented in
Sec. V. The formulationsdiffer by the turbulentdiffusion treatment:
one formulationemploys the modified gradientdiffusionmodel (de-
noted GSM), and the otheris based on the ;. ity transportequation
[Eq. (25)] (denoted TSM). The differences between the GLM and
the new formulations are given in Table 2. The constant values for
the new formulations were chosen to give reasonable predictions of

the intensity and the length scale ratio: 1) TFS2s16: I, =2.55%
and L°/8=0.67;2) TFS2s8: 1., =3.99% and L /5§ =0.71; and
3) TFS9s12: I, =3.87% and L /8 =1.70. Althoughnot shown, it
was demonstrated that the mean velocity predictions, in particular
the near-wall behavior, are similar using the three models (as was
also found for the LFS cases). Calculations of the integral parame-
ters 0 and §* as well as C; show differencesof less than 2% between
new and old model predictions.

General conclusions as to the improvement in the predictions of
the third-order correlations are demonstrated by the u2v calculation
shown in Fig. 8. Both new models give better predictions at higher
intensities, with the GSM better. At low intensity, calculations with
all three models are similarin the outer portionof the boundarylayer,
where a reasonable prediction of the data is found. Predictions of
kv (not shown here) show similar improvements as found for u2v.

Predictions of k using the three models are shown in Fig. 9 for two
cases only; w? was not reported at station TFS2s16. The GSM and
TSM give similar predictionsand are within expected experimental
uncertainly. The higher k levels calculated with the new models are
explained as largely due to the improved predictions of the third-
order correlations and their impact on the contribution of diffusion
to the balance. Figure 10 shows clearly that the v?> data are much
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Fig. 10 Predictions of vz using the GLM, GSM, and TSM for TFS
cases TFS2s16, TFS2s8, and TFS9s12 (Ref. 3).

better predicted with both new formulations than with the GLM, a
result of the new wall-reflection model. The calculated stress levels
also return to the experimental freestream values much nearer to
the wall with the new models. Although not shown, the impact of
the new formulations on u? predictions is similar to that found for
k. All models produce similar uv results in the inner portion of the
boundarylayerbut the new formulations give slightly greater values
in the outer region due to larger predicted values of uv?.

VII. Conclusions

A study of high Reynolds number closures to predict the effect
of freestream turbulence on a boundary layer has been presented.
A procedure was developed, which is recommended for any future
testing of models for this flow. Key aspects include the choice of
experiments to isolate the effects of changes in length scale ratio
and freestream turbulence intensity, and the requirements to predict
self-similarity of v? for a zero mean shear flow. The integral pa-
rameters and friction coefficient are well predicted by the widely
used GLM. Experimentally observed trends in turbulent and mean
profiles as a function of the freestream turbulence intensity and the
length scale ratio are also generally well predicted by the GLM.
The GLM, however, does not properly account for the effect of
the wall in attenuating the fluctuations normal to the solid surface.
In addition, the third-order correlations and the turbulent diffusion
contribution are underpredicted. These two aspects were identified
for further investigation. _

Based on the experimental observationof similarity for v? in both
the zero mean shear and conventional boundary-layerflows, a new
formulation of the wall-reflection term has been obtained, which
considers both near-wall and far-field behavior. Also, two turbu-
lent diffusion models have been proposed, one based on a modified
gradient diffusion approximation (GSM) and the other on the con-
servation equation for ;i 1, (TSM). Both the new wall-reflection

and diffusion terms have been implemented into a Reynolds stress
model. It is demonstrated that the new models result in improved
predictions of v2, u2, and k and the triple products, as well as other
variablesof interest, with the exceptionof § and uv at the boundary-
layer edge at higher intensities. Given its relative simplicity and
accuracy, the GSM is recommended.
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